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1. Background

There are various methods for finding inverses of matrices (if these exist), and we recall the Gauss—Jordan method, the
triangular decomposition such as LUD or Cholesky factorization, to mention only a few. A very popular approach is based

on block partitioning. Let A = [A“ Az

hioy Azz] whose inverse (called Schur’s complement) is

a1 = [An T AT ARB AnA A ApBT
—B7'AyAT] B! ’

where B = Ay — A21A1’1]A12 (under the “right” conditions, namely, that A;1, B are invertible). Further, an iterative approach
for finding the inverse exists, but its convergence is a function of the matrix’s condition number, cond(A) = |A|||A~"|| (in
some norm, say, {~, where ||A||oc = max Zj |ag|; or £1, with [|A]l1 = ||AT||~). We will not go into details regarding these
parameters of a matrix as the considerable literature has been dedicated to these concepts.

Certainly, the inverse of a diagonal matrix (if it exists) is found easily: if A = diag(ay,...,a,), then A”! =
u c 0 0
O] u; (%) 0

diag(al’], R a,ﬂ). If U is a bidiagonal, sayU = | --- -~ - -+ .| u; #0,thenU~" = (vyj)i j, where the entries
0 cee e e up

satisfy the recurrences

0, i>];
1 )
N R 1=]
Vj = u;
CiVit1,j .
- 3 1 <]
Uj
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These recurrences can certainly be solved, and we obtain

0, i>]

i—1
v =1 ]1—[<_C") i<j
Y k=1 Ui

Going further to tridiagonal matrices, things start to change. We want to mention here the work of Schlegel [ 1], who showed

by 1 0 - 0
1 b 1 - 0

thatif B = R then the inverse B! = (cy); is given by ¢;j = r~'ri_1ro—;, i < jandcj, if j < i, where
.

o =111 =—=bi, 1 = —(br—1 + 1), k=2,....,n—land r = byrp_1 + ra_z = (—1)"F1det(B). We would like to
make an observation at this point: since the inverse of a tridiagonal matrix is a full matrix, the Schur’s complement method
is not very efficient.

Moreover, Vimuri [2] obtained the inverse of another particular tridiagonal matrix in terms of the Gegenbauer polynomial

CZ(x) (for @ = 1) whose generating function is m = Z;";G C% (x)t"; Prabhakar et al. [3] showed some connection

between the aforementioned inverse and the generalized Hermite polynomials, namely, g7 (x, 1) = 1[<"=/g1 1 k!(nfi;k)!k"x“‘m".
(Classical Hermite H,(x) are obtained form = 2, A = —1,x — 2x.)

Many special cases of the banded matrices such as Toeplitz matrices, symmetric Toeplitz matrices, especially tridiagonal
matrices, etc., have been studied by several authors, as we previously mentioned (the reader can find many more references
published in the present journal, for instance [4], among others). These matrices arise in many areas of mathematics and its
applications. Tridiagonal, or more general, banded matrices are used in telecommunication system analysis, finite difference
methods for solving PDEs, linear recurrence systems with non-constant coefficients, etc., so, it is natural to ask the question
of whether one can obtain some results about the inverse of 4-diagonal, or perhaps, even general banded matrices. We will
do so in this paper.

Throughout this paper, we consider a general r-banded matrix B; , of order n defined by

fa; a7 a a 0 0

o’ 6 4 g 0

a’ @’ a & a 0
Brn = (by) = e e o (1)
: —r -3 -2 1 3 :

a as ay s a3

0 a @, @,

;31 @’ a4, 4
L 0 0 a4 @, @ a,

where a'’s stand for arbitrary real numbers, —r < i <r,1 <j < r < n(note that the i in the notation a’;l does not denote
the ith power of a,). When r = n, the matrix By, , is reduced to an arbitrary square matrix.

In this paper, generalizing a method of [5], we give the LU factorization and (in our main result) the inverse of the matrix
B, , (if it exists). Our results are valid for an arbitrary square matrix (by taking r = n). Therefore we give a new approach for
computing the inverse of an invertible square matrix, thus, generalizing various results (see [6-8,5,9,10,1], and the references
therein). Our method is based on Hessenberg submatrices associated to B; ;.

Section 2 deals with the LU factorization of an r-banded matrix. To find the inverse of such a matrix (obtained in Section 4),
we need to find inverses of the obtained triangular matrices from the LU factorization and this is done in Section 3. We
conclude the paper with a few examples in Section 5.

2. LU factorization of an r-banded matrix

This section is mainly devoted to the LU factorization of the matrix B, ,. First, we construct two recurrences.For 1 <i <r
and s > r > 1, define

r—i
P i ¢ ptH
ke = a; — Z:mHkH (2)
t=1
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andfor1<i<r-—1
Wy S e
- 1
as - Z msftksft
i t=1
mg = (3)
s k! '
with initial conditions
—(i+1 —(i+1
i a (i+1) a (i+1) )
m; = T = —, I=<i<r-—1
k; a;

and
kKi=d, 1<i<r,

where the terms anii for 1 < i < n are the entries of B, ,. For these sequences to be well-defined, we assume that none of
the denominators ki are zero (which is equivalent to the below-defined U, and consequently, B, , being invertible).
Now define unitary lower tridiagonal matrix L and upper triangular matrix U,

-1 0-
m! 1
m omy 1
m;  m} 1
L= (IU) = mq_l m§ m}; (4)
0 my! m; 1
m, 1
L 0 0 m;:}+1 mifz m:z—l 14
and
kKK .. K0 L. 0 7
ky koo k5
koK. 0
2
U= (uy) = ki kg ki1 (5)
ki ks
k,zll_2 k§_2
kn—l kn—l
Lo ks

Our first result gives the LU factorization of B; .

Theorem 1. For n > 1, the LU factorization of matrix B, , is given by
B, =1LU
where L and U are defined as in (4) and (5), respectively.

Proof. First, we consider the case 1 < i = j < r. From matrix multiplication and the definitions of L and U, we have

n i
bi = E li,sus,i = E li sus ;
s=1 s=1

= liquqi + ligup i + -+ + Lty
I T L L Y iy 2
From (2), by taking r = i, we obtain

1
bi = a;,
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which gives the conclusion. Now consider the case of i > r. Thus

n r
bi = E lisug = E lii—si1liosin,i
s=1 s=1

= Dyt + lj—aUi—i + -+ licroliore
From the definitions of L and U, we write
bi = ki + milflkizfl + mizfzki{z +ot mzr—_rl-HkLrH
which, by taking i = 1in (2) implies
bii = ﬂ,l,,

which shows the claim fori = j.
Next, we look at the super-diagonal entries of matrix B; ,. Consider the case j = i 4+ q where 1 < q < r — 1. Thus, by the
definition of By, for1 <g<r—1,

n
14+q
biirg=10;"" = E li sUs,itq-
s=1

We consider two cases. First, we assume 1 < i < r — g, and so,

i
E lictr ivqg = Liqtnipq + lioloipg + -+ + Lilliigq
=1

o . itg—1 1 1
=y T my T e m K

which, by takingi — q+ 1andn — iin(2), gives us

i

1+q
E licugivg=0a;"",
t=1

which completes the proof for the first case.
Now we consider the case r — g < i. Thus we write

n r—q
1+q
biiyg=0a;"" = E lisUsirqg = E liie1Uizet1,i4q-
s=1 t=1

From the definitions of matrices U and L, we can write

r—q
E liitr1Uice1,ivq = lilliivq + liiciUi—1ivqg + -+ Licr—q1Uicr4q4+1,i4q
=1

_ 1 1ta i ,2+q 2 1344 r—q—1 or
=k A Mk kT e m K

r—q—1
_ 1+ AT AR
=k "+ E:mi—tki—t .
=1

Using (2), we obtain

1+q
biiyg=a;"",

which completes the proof for the upper diagonal entries of matrix B; ;.

Finally, we look at the upper diagonal entries of the matrix B, ,, and we need to show that b .4; = a; @ Here, we first
consider the case 1 < i < r — q. From the definitions of matrices U and L,

n i
biyei = E livg et = E livqeuei
t=1 t=1

_ i ta—1pi i+q—2;,—1 q+1;,2 qr,1
=m ki +m, ky ™ +---+mI ki +mik;

i—1

ap a+tp e+l

m;k; + E :mi—t kiZe
=1
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which, by takingn — iandi — qin (2), implies

—(q+1)
biygi = g :

For the final case, that is,i > r — g, using the definitions of U; and L, we write

n r—q
bi+q,i = E li+q.tut,i = E li+q,i—t+1ui—t+1,i
t=1 t=1

= liyqittii + liyqi-athi-ri + - + livqiortgr1Uior+g+1.i

— mip! q+1,2 q+(r—q—1),r—q
= miki +m kg A M K

r—q—1
qr,1 g+t t+1
mik; + E m_ kT
t=1

which, by takingn — iandi — qin (2), gives

—(q+1)
bitqi =g ’

and the theorem is proved. O

The result of Theorem 1 will be valid for the LU factorization of any arbitrary square matrix by taking r = n in the matrix
B
Now we give a closed formula for det (Br,n) using the LU factorization of B; .

Corollary 2. For n > 0,

n
detB, , = 1_[ k!
i=1

where kl.] s are given by (2).

3. The inverse of triangular matrices

In this section we give an explicit formula for the inverse of a general triangular matrix. For this purpose, we construct
certain submatrices of a triangular matrix, which are Hessenberg matrices, and then we consider the determinants of
these submatrices to determine the entries of the inverse of the considered triangular matrix. Since upper and lower
triangular matrices have, essentially, the same properties, first we consider the upper triangular matrix case. We denote
the corresponding Hessenberg matrices for an upper and a lower triangular matrix by H, (r, s) and H (r, s), respectively.

LetH = (h,]) be an arbitrary (n x n) upper triangular matrix. Now we construct square Hessenberg submatrices of H

of order |s — r| in the following way: fors > r > 0, let H, (r, s) = (EU’) denote an upper Hessenberg submatrix of H by

deleting its first r and last (n — s) columns, and, first (r — 1) and last (n — s + 1) rows. Clearly the (s — r) x (s — r) upper
Hessenberg matrix H, (r, s) takes the form:

hr,r+1 hr,r+2 v hr,sfl hr,s
hr+1,r+l hr+1,r+2 s hr-H,s—] hr+l,5

Hy (r,s) = 0 : c . (6)

: s h572,572 h572.571 hsfz,s
0 ce 0 hs—],s—l hs—l,s

Similarly let H = (h,-j) be an arbitrary (n x n) lower triangular matrix. We construct square Hessenberg submatrices of

H of order (r — s) in the following way: forr > s > 0, let H; (r,s) = (flij) denote a lower Hessenberg submatrix of H by

deleting its first r and last (n — s) rows, and, first (r — 1) and last (n — s + 1) columns. Clearly the (r — s) x (r — s) lower
Hessenberg matrix Hy (r, s) takes the form:

hr—H,r hr+l,r+1 0 0

hr+2,r hr+2,r+1
Hy(r,s) = . .
. §—2,5—2
hs—],r hs—l,r-H .. hs—l,s—Z hs—],s—]
hs.r hs,r+1 s hs,sfz hs,sfl
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Here we note that (H, (r, s))" = (H, (s, r)). Our construction is valid for any upper or lower triangular matrix, but we will
apply it only to L, U, given by (4) and (5), rendering L (i, j), U, (i, j).
For example, let A be an upper triangular matrix of order 6 as follows:

a by o di e fi
0 a bz Cy d2 ()
0 0 as b3 C3 d3
0 0 0 ay b4 Cyq
0 0 0 0 as b5
0 0 0O O 0 as

Thus A, (2, 5) and A, (3, 6) take the forms :
by ¢ d bs ¢ ds
Ay (2, 5) = |das b3 C3 and Ay (3, 6) =l|ays by c4].
0 ay b4 0 ds b5

Here note that all matrices of the form H, (i,j) (H, (i, j)) obtained from an upper (lower) triangular matrix U are upper
(lower) Hessenberg matrices.

Now we start with the following two lemmas. Throughout this paper, we assume the boundary conditions H, (r, 1) =
Hy(r,r)=1and [['x = 1fori > j.

Lemma 3. Let the (j — i) x (j — i) upper Hessenberg matrix H, (i, j) be defined as in (6). Then, for j > i+ 1,
j—i ) j—1
detH, (i,j) =) {(—1)2“ a_jdet(Hy (i, j— 1) ] akk} :
t=1 k=j—1—t

Proof. If we compute the determinant of the upper Hessenberg matrix H, (i, j) by the Laplace expansion of a determinant
with respect to the last column, then the proof follows. O

Theorem 4. Let U = (a;;) be an (n x n) arbitrary upper triangular matrix and W = (wy) = U™, its inverse. Then
(a;) " ifi=],
. -1
w,] = J i+j .. . .
[Tauw| (=D det(Hy (i) J>i.
k=i
where H,, (r, s) is as before.

Proof. Denote WU by E = (e,-j). It is clear that for the case i = j, E = I, where I, is the nth unit matrix. Now consider the
case j > i. From the definitions of matrices W and U,

n J
e = ) wily = ) widy
t=1 t=i
) -1
j t
a., i M
a%-],- + ) (1—[ akk) (—=1)"" ag det (Hy (i, 1))

t=i+1 \ k=i

% (=1 a4 det (H, (i, i + 1)) N (=1)%*2 q; 5 det (Hy (i, i+ 2))

Qjj QiiQit1,i4+1 QiiQi+1,i+10i42,i4+2
oy EDT g det (= 2) (D gy det (Hy (= 1) | (=1 det (Hy (.)
j=2 j—1 j—1
l_[ Qxk 1_[ Ak 1_[ Ak
k=i k=i k=i
j—1 -1 ] j—1 4 j—1
= (Hakk> (aij (=1 1_[ Uk + Qi1 (—1)*! l_[ ay det (Hy (i, i + 1))
k=i k=i+1 k=i+2
oot g (—D)2 T det (Hy (i, — 2) + (=1)"F " gy j det (Hy (i, j — 1))
k=j—1

+ (—=1)"" det (H, (LJ‘)))
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N G S
=<ﬂm0 {Z%(FI%)PD““Wm1ﬂﬂmﬂm+t—m>+knwwﬂwﬁﬁﬁ,

k=i 1\ \k=itt
which, by Lemma 3, implies e; = 0, and the proof is completed. O

All the results of this section hold for lower triangular matrices, with the obvious modification using the lower Hessenberg
matrix.

Now we mention an interesting fact that the numbers of summed or subtracted terms in computing the inverse of a term
of an upper (lower) triangular matrix are the generalized order-k Fibonacci numbers defined by

k
fri{ = Zcifnk,i, n>o,
i=1
wherefi_, = 1,f*, =... =ff=0.
When k = 2 and ¢c; = ¢ = 1, the generalized order-2 Fibonacci numbers are the usual Fibonacci numbers, that is,
f2 = F,, (mth Fibonacci number). When also k = 3, ¢; = ¢; = c3 = 1, then the generalized order-3 Fibonacci numbers by
the initial conditions 3, = 1, f7 = f>, = 0, are

1,1,2,4,7,13,24, ...,

which are also known as tribonacci numbers.

Let U, = (uij) be an upper (with k super-diagonals) triangular matrix of order n withu; = h;for1 <i < n, u;jr =
Zﬁ’ﬂ arifor1 <i<n-—r,1<r <kandhys are all distinct from zero, and, a, ;' s are arbitrary.

For computing the inverse of U,, we need the corresponding Hessenberg submatrices defined as before by H (r, s).
Therefore we should note that the numbers of summed or subtracted terms in computing the inverse of a term of U,, omitting
the signs and denominators of the terms, that is, the number of required summations in the expansion of det (H (r, s)),
are the generalized order-(s — r) Fibonacci numbers, f3~". To show that, we consider a (k x k) upper Hessenberg matrix
Hy = (ay) withr-superdiagonals whose entries are givenby a;;1; = ejfor 1 <i < k—1, aj4r = Y -, hirl) for1 <i<k—r
and 0 < r <k, e; # O for all i. If one superdiagonal has a 0 entry, then all the entries in this superdiagonal are zeros. That is,
ifa; j4r = O for some iand r, then ¢, = 0.

Here E, denotes the number of summed or subtracted terms in det H,. For example, if

a b c
H3=|:d e f:|,
0 g h

then det H; = ahe — afg — bdh + cdg and so, the corresponding E; = 4.
By expanding det H, with respect to the first row without any simplification in the entries h,.(r) = Zfrﬂ ar i, we get

Ey=cEn1+CEp s+ + GEy.

One easily computes that E; = 1,E; = 2,E; =4, ..., E, =21,

Consequently one can see that E,, = fn" ‘1 Where f,," is the generalized order-k Fibonacci numbers.

For example, for k = 4,1 = 2,letc; = 2and ¢; = 1, thatis, a1 = Y oy b ) = h{) + b5, aiin = Y0 B = h{)
and so

MRy B 0 0
Hy = o LERL mhf; (1 ?2>
0 € his+hys his
0 0 es S

Sincer = 2, ¢; = 2, ¢c; = 1, the counting sequence E,, satisfies
Ey = 2E; 1 + Ey 2,

with E; = 1, E; = 2, so E;; = P, the well known Pell sequence.
Therefore, the number of summed or subtracted terms while computing det Hy is the 5th Pell number:

e
det € his+hys his 0
0 e h{" + i) h?)

2 1,3 2,3 o 1,3 (1)

0 0 es hY + hh)

= 6’193/1%.1/1%,3 =+ hi,1hi2h1 301 4 4 hy 1hi2he 3ho 4 4 by 1hy 2Ry aho 3 4 by 1hyshy ohy g
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+ hi2hy 1hi3hy 4 + ha1hy2ha 3hy 4 + By the 3ha2ha 4 + by 1ha2hy aho 3 + By oho 1hy 3hy 4
+ hyi2hy 1hy 4ha 3 + ho 1hy 3ha 2h 4 + By thy 2ho 3hy 4 + by 2ha 1hy 3ho 4 + By 1hy 3ha2ho 4
+ hy 1hy 2Ry 4hy 3 + hy 1hy 2hy 3hy 4 — elhi1h1,3h1,4 - ezhl,lhizhlA - €3h1,1h1,2hi3

- elh%,1h1,3h2,4 - elhi1hl,4h2,3 - eZhith,lhl.él - eZh],lhithA - €3h1,1h%,3h2$2

- €3h1,2h2,1hi3 - elh%,1h2,3hz,4 - ezhizhz,lhz,z; - €3h2,1h%,3h2,2-

From the above example, it is seen that there are 29 terms in the expansion of det H, which is the 5th Pell number, Ps.

4. The inverse of an r-banded matrix

In this section, we give a closed formula for the inverse of an r-banded matrix. First, we consider the inverse of the upper
triangular matrix L,. Here we recall a well known fact that the inverse of an upper triangular matrix is also upper triangular.
We shall give the following lemmas whose proofs are straightforward.

Lemma 5. Let the lower triangular matrix L be as in (4). Let E = (eij) denote the inverse of L. Then
[ if i =],
Pl det (L (3)) . ifj <,

where L, (i, ) is defined as before.

Lemma 6. Let the upper triangular matrix U be as in (5). Let G = (g,-j) denote the inverse of U. Then
1 e
o1 ifj=i,
1 L
—1)"™" det (U, (i, )))
j b

k
8ij = (

ifj>1i,

where Uy, (i, j) is defined as before.

The main result of this section follows from the LU factorization of B, , and the previous lemmas.

Theorem 7. Let D, = (d,-j) denote the inverse of the matrix B, . Then d;j = ZL] gitesj, where gj;, ey are defined in the previous

lemmas. Precisely, if we let S(i, t, j) = det@u (i) dethe () ' pop

ik
;. d t Uu .7 j i+ < . - ap e .
(1 SEED) gy Y oSG, ifi<j
J p
[Tk =]
di=11 n
YTl =+ ) SG.t, i), ifi=j
0 Z i t, ) if i =]
GV detLe ) + (DT Y SG e, if i
1

t>i

Proof. Since B, , = LU, then by the previous two lemmas, we get D = U~'L~!, and so,

n
dj = E it =
t=1

By taking the three cases i < j, i = j, i > j and using the expressions of g;, e; from Lemmas 5 and 6, the claim follows. O

n
8ty
t=max({i,j}

5. Some particular cases

If we take r = 2,and S, , to be a symmetric matrix, and label a} =a, b,-2 = bi’2 = —b;;1, we obtain the formulas of [11]
for the inverse of
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SZ,n

- a
—b,
0

0
L 0

—b,
ap
—bs
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—bs
as

—by

__bn—l an—1
0 —b,

namely, the existence of two sequences u;, v; such that

-1
Sln

The sequences u;, v; can be determined (as Meurant did in [11]) using the LU decomposition of Theorem 1, and they will

[uqvq
Uuqvy
uivs

LU1Vp

uivy  Uqv3
Uyvy Upvs
upv3  U3V3
Uvp U3y

U1y
Uy vy
Usvy

UpVp

a, |

depend on our H mﬁ We will not repeat the argument here.

Consider the general binary recurrence G,+1 = aG, + bGp—1, Go = 0, G; = 1. Let

r1 o .- 0
—a 1 0 0
b —a 1 0
Gln::
0 -a 1 0
L0 —b —a 1.
Its inverse is [12]
- G 0 0
G, Gy o --- 0
G3 G G 0 0
Gin =
Gi-1 G G G 0
L G, Gnp_q Gz Gy G

In the same manner, by going through our argument, one can obtain many other known (and possibly unknown) matrix
inverses and determinants. We end by displaying, yet another example, based on the Chebyshev polynomials of the

second kind, U,(x) = W, cosf® = x, which satisfy the recurrence: U, 1(x) = 2xU,(x) — Up_1(x), Up(x) =
a b 0 0
b a b 0
1,U;(x) = 2x. The symmetric Toeplitz S = has the inverse [13] S™! = (t;); where t; =
0 cee b a b
0 b a
(i1 Uim1@/20Uny@/2b)
b Un(a/2b) -
(71),4_,'1 Uj*l(a/Zb)Un—i(a/Zb)
b Un(a/2b) !

It could be interesting to use a variation of the methods of this paper to investigate the spectrum of general r-banded
matrices (see [14], for example).
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